Abstract. We consider exceptional vertex operator algebras for which particular Casimir vectors constructed from the primary vectors of lowest conformal weight are Virasoro descendants of the vacuum. We discuss constraints on these theories that follow from an analysis of appropriate genus zero and genus one two point correlation functions. We find explicit differential equations for the partition function in the cases where the lowest weight primary vectors form a Lie algebra or a Griess algebra. Examples include the WessZumino-Witten model for Deligne's exceptional Lie algebras and the Moonshine Module. We partially verify the irreducible decomposition of the tensor product of Deligne's exceptional Lie algebras and consider the possibility of similar decompositions for tensor products of the Griess algebra. We briefly discuss some conjectured extremal vertex operator algebras arising in Witten's recent work on three dimensional black holes.
Introduction
Vertex Operator Algebras (VOAs) are a mathematically rigorous version of chiral conformal field theories and were developed by Borcherds mainly as a tool for understanding Monstrous Moonshine [B] . This work made particular use of the Moonshine module [FLM] whose automorphism group is the Monster sporadic finite simple group. In this paper we consider exceptional VOAs, including the Moonshine Module, with the property that some quadratic Casimir vectors constructed from the lowest conformal weight primary vectors are Virasoro descendants of the vacuum [Mat, T1] . These conditions give rise to very strong constraints on the VOA which follow from an analysis of appropriate genus zero and genus one two point functions. In the case of VOAs containing a Lie algebra g of weight one primaries, then assuming positive rational central charge and integral Kac-Moody level, we find that the genus zero constraints imply that g = A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 6 , E 8 known as Deligne's exceptional Lie algebras [D] . The genus one constraints imply that the partition function satisfies an explicit differential equation from which it follows that the VOA is generated by the Lie algebra vectors i.e. the VOA is a level one Wess-Zumino-Witten model for a Deligne exceptional Lie algebra. We also obtain a partial verification of Deligne's original observations for the irreducible decomposition of the tensor product g ⊗ g in this VOA setting. For VOAs for which the lowest primary vectors have weight two and form a Griess algebra, we show that the Virasoro constraints on Casimir vectors imply that the partition function satisfies a specific differential equation and the VOA is generated by the Griess algebra vectors. This restricts a rational central charge to at most nine possible values of which five cases are known to be realizable including the Moonshine module and Höhn's Baby Monster VOA [Ho2] . We also discuss possible Deligne-like irreducible tensor product decompositions of the Griess algebra. We conclude with a brief discussion of similar results for VOAs with primary vectors of lowest weight three, four or five and their relationship to the conjectured extremal VOAs described in Witten's recent work on three dimensional black holes [Wi] . Full details of this work will appear elsewhere [T2] .
2. Deligne's Exceptional Lie Algebras from Virasoro Constraints 2.1. Vertex Operator Algebras. We briefly review some notation and properties for Vertex Operator Algebras e.g. [FLM, Ka, MN, LL] . A Vertex Operator Algebra (VOA) consists of a Z-graded vector space V = k≥0 V k with V 0 = C1 for vacuum vector 1 and mutually local vertex operators Y (a, z) = n∈Z a n z −n−1 for each a ∈ V with modes a n ∈ End(V) such that a −1 1 = a. There exists a conformal vector ω ∈ V 2 with Y (ω, z) = n∈Z L n z −n−2 where L n satisfies the Virasoro algebra of central charge C, L 0 provides the Z conformal weight grading and L −1 generates translations with Y (L −1 a, z) = ∂ ∂z Y (a, z). We consider here VOAs with two further properties (i) V is completely reducible with respect to irreducible modules of the Virasoro algebra and (ii) V is semi-simple [Li] .
Define a symmetric invertible bilinear form , on V (with normalization 1, 1 = 1) where for all a, b, c ∈ V [FHL] ,
For VOAs satisfying (i) and (ii) above, , is unique and invertible [Li] . We call such a unique invertible form the Li-Zamolodchikov (Li-Z) metric [MT1] (in deference to ref. [Li] and the equivalent notion in conformal field theory e.g. [BPZ, P] ). One application of the LiZ metric is in determining the irreducibility of the Verma module V (C, 0) = n≥0 V n (C, 0) of Virasoro descendants of the vacuum vector. For a, b ∈ V n (C, 0) the Gram matrix M n (C, 0) = ( a, b ) is invertible for all n if and only if V (C, 0) is irreducible [KR, Wa] . We recall that there exists a closed formula for the Kac determinant det M n (C, 0) with zeros for central charge [Wa] (2.2)
where (p − 1)(q − 1) = n and (p, q) = 1 for p, q ≥ 2. In the cases where C = C p,q one constructs the Virasoro minimal model VOA L(C, 0) as a quotient of V (C, 0) by the radical of , .
Genus Zero
Constraints from Quadratic Casimirs. Consider a VOA with Li-Z metric for which [a, b] satisfies the Jacobi identity so that V 1 defines a Lie algebra with invariant invertible symmetric bilinear form , e.g. [Ka, MN] . Furthermore, the modes {a n } of a ∈ V 1 define an affine Kac-Moody algebra. We will denote the Lie algebra by g and the corresponding Kac-Moody algebra byĝ.
Let {u α |α = 1 . . . d 1 } and {u β |β = 1 . . . d 1 } denote a g basis and LiZ dual basis, respectively i.e. u α , u β = δ α β . We define the quadratic Casimir vectors
implying the following lemma concerning Virasoro descendants of the vacuum [Mat] :
For g simple, this is the standard Sugawara construction for ω e.g. [Ka] . Similarly, if λ (4) ∈ V (4) (C, 0) for C = C 2,3 = 0, C 2,5 = −22/5 (for which det M 4 (C, 0) = 0) then [MMS, T1] (2.6)
We also note that (2.6) implies (2.5) using (2.4). We next consider the constraints on g if either (2.5) or (2.6) hold. In order to do this it is useful to introduce the correlation function for a, b ∈ g
with α summed. Using the associativity property of vertex operators [FLM, Ka, MN] and (2.3) we find
x, y) may be formally expanded in x, y in a number of ways so as to obtain a rational expression in terms of the LiZ metric a, b and the Lie algebra Killing form
Theorem 2.2. F (a, b; x, y) is given by the rational function
Since F (a, b; x, y) is rational, x, y can be considered as points on the genus zero Riemann sphere so that F (a, b; x, y) is referred to as a genus zero correlation function. Later on we will construct correlation functions associated with a genus one torus.
Suppose that λ (2) is a vacuum Virasoro descendant so that (2.5) holds. Then (2.8) results in a further constraint on F (a, b; x, y) which determines the Killing form:
Since the Li-Z metric is non-degenerate, it immediately follows from Cartan's criterion that g is semi-simple for d 1 = C and is solvable for d 1 = C. For d 1 = C this implies the Kac-Moody algebra decomposes as (2.10)ĝ =ĝ
is a simple Kac-Moody algebra of level k i = − 1 2 α i , α i for a long root α i and with dual Coxeter number
Suppose further that λ (4) is a vacuum Virasoro descendant so that (2.6) holds. This results in a further constraint from (2.8) on F (a, b; x, y) so that [T1] Theorem 2.4. If λ (4) ∈ V 4 (C, 0) and There are also 21 negative rational solutions with (2.14)
where C ↔ C * interchanges the roots of the quadratic (2.12). Applying Theorem 2.3, Cartan's condition implies that g must be simple of some Kac-Moody level k 1 . Restricting k 1 to be integral
5 positive rational and that the simple component Kac-Moody levels are integral. Then g is one of the simple Lie algebras A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 6 , E 8 for central charge C = 1, 2, 1 Note that this condition was mistakenly omitted in ref. [T1] A similar result is obtained in [MMS] based on a number of stronger assumptions. The simple Lie algebras appearing in Theorem 2.5 are known as Deligne's exceptional Lie algebras [D] . Deligne's list has also been noted in some specific lattice VOA constructions [Hu] .
2.3. Deligne's Exceptional Lie Algebras. Deligne observed that many properties of the Lie algebras g = A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 6 , E 8 can be described universally in terms of a single parameter [D] . Choosing the parameter to be h
, known as the Vogel formula. Thus dim g precisely agrees with d 1 of (2.12) for h ∨ (C) of Theorem 2.5 so that the central charge C provides an alternative parameterization for Deligne's observations. Deligne, and later others, also found universal rational formulas for the dimension of the irreducible components of the tensor product n g for n = 2, 3, 4 [D, DdeM, CdeM, C] and for parts of arbitrary tensor products [LM] . For example, the symmetric part of g ⊗ g universally decomposes as
where Y and Y * denote two irreducible representations of g of dimension (expressed here in terms of C)
2.4. Genus One Constraints from Quadratic Casimirs. We next consider the constraints on the genus one partition function Z(q) that follow from the Virasoro descendant condition (2.6). We will show that in this case, Z(q) satisfies a second order differential equation and hence is uniquely determined. As a consequence, we prove that V is a level one Wess-Zumino-Witten VOA for V 1 = g a Deligne exceptional series. We will also partly explain the irreducible decomposition of Sym (g ⊗ g) in (2.16). Full details will appear elsewhere [T2] .
Define the standard genus one partition function of a VOA V by the trace function
where q is, at this stage, a formal parameter. In order to analyze such functions and to develop a theory of genus one n-point correlation functions, Zhu [Z] introduced an isomorphic VOA with 'square bracket' vertex operators
and Virasoro vectorω = ω − We define the genus one 1-point correlation function for a ∈ V by (2.20)
for zero mode o(a) = a n−1 for a ∈ V n . Thus,
We define the 2-point correlation function in terms of 1-point functions by
where the second identity follows from associativity [MT2] .
We now consider the constraints on the partition function Z(q) arising from the Virasoro descendant condition (2.6). We define square bracket quadratic Casimir vectors
. Since the square bracket VOA with Virasoro vectorω is isomorphic to the original VOA with Virasoro vector ω it follows that (C, 0) . We define a genus one analogue of (2.7) given by the 2-point function Z((u α , x), (u α , y), q). Furthermore, associativity (2.22) implies the genus one analogue of (2.8)
Zhu proved a reduction formula (Proposition 4.3.2 [Z] ) where an n-point function is expanded in terms of n − 1 point functions with coefficients given by elliptic Weierstrass functions P n+2 (z, q) =
with modular Eisenstein series E k (q) = 0 for k odd and for k ≥ 2 even (2.25)
and B k is the kth Bernoulli number. The parameter z can thus be considered as a point on the genus one torus with modular parameter τ where q = exp(2πiτ ) for |q| < 1. Applying Zhu reduction to the LHS of (2.23) leads to
Comparing the (x − y) 2 term in this expression and the RHS of (2.23) we find
is a square bracket Virasoro descendant then Z(λ [4] , q) can be evaluated using an alternative Virasoro Zhu reduction. Then we find:
is the unique solution with leading form Z(q) = q −C/24 (1 + O(q)) to the differential equation
from which (2.27) follows on using (2.26). (2.27) has a regular singular point at q = 0 with indicial roots −C/24 and (C +4)/24. Thus there exists a unique solution with leading form Z(q) = q −C/24 (1+O(q)) where Z(q) converges for 0 < |q| < 1. Much as in the approach taken by Zhu for C 2 -cofinite theories [Z] , we note that the space of solutions to the differential equation (2.27) is modular invariant as is discussed further in [Mas] .
An immediate consequence of Theorem 2.6 is:
Theorem 2.7. V is generated by g i.e. V is a Wess-Zumino-Witten VOA.
Proof. Consider the subVOA V ′ ⊆ V generated by g with partition function
is a vacuum descendant of V ′ also and it follows that Z ′ (q) obeys (2.27). Hence Z ′ (q) = Z(q) and so V ′ = V . Combining Theorems 2.5 and 2.7 we thus find:
5 is positive rational and the simple component Kac-Moody levels are integral. Then V is the Kac Moody level 1 WZW VOA for g = A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 7 , E 8 .
g ⊗ g Irreducible Structure.
Consider the vector space of weight two vectors V 2 . We may decompose this according to its Virasoro Verma module structure as
where P 2 is the space of weight two primary vectors i.e. L n a = 0 for all n > 0 for a ∈ P 2 . Thus dim
n dim V n q n into the differential equation (2.27) we may solve recursively for dim V n as a rational function in C. (Since dim V n is positive integral, this restricts the possible rational values of C in (2.13) even before we invoke Cartan's criterion following Theorem 2.3). In particular, for d 1 = dim g we recover (2.12) whereas solving for dim V 2 results in
This is precisely Deligne's formula for the dimension of the irreducible representation Y in (2.17). From Theorem 2.7 we know V is generated by g so that We briefly sketch how to prove that P 2 is an irreducible representation of g by use of character theory [T2] . The main idea is to use Zhu reduction formulas for orbifold trace functions which include a Lie group element g = exp(a 0 ) generated by a 0 for a ∈ g [MTZ] . Thus we consider genus one trace functions of the form Z(g, q) = T r(gq L0−C/24 ) = q L0−C/24 1 + χ 1 (g)q + (1 + χ 1 (g) + χ 2 (g))q 2 . . . , χ 1 (g) and χ 2 (g) are the characters for g and P 2 respectively following the decomposition of (2.28). By considering an appropriate 2-point function, a generalized version of Theorem 2.6 can be found leading to a differential equation for Z(g, q) involving 'twisted' Eisenstein series [MTZ] .
Analyzing this equation results in
Theorem 2.9. The characters χ 1 (g), χ 2 (g) are related as follows
where ∆ denotes the roots of g. χ 2 (g) is an irreducible character for each of the Deligne exceptional Lie algebras.
We expect that these methods can be extended to an analysis of the irreducible decomposition of dim V n for n ≥ 3 hopefully leading to a new understanding of Deligne's observations.
Griess Algebras
3.1. Genus Zero Constraints from Quadratic Casimirs. Consider a VOA V for which d 1 = dim V 1 = 0 and define a multiplication for a, b ∈ V 2 by a • b ≡ o(a)b = a 1 b. V 2 with multiplication • defines a commutative non-associative algebra, called a Griess algebra, for which the LiZ metric is a symmetric invariant bilinear form e.g. [MN] . Let V 2 = Cω ⊕ P 2 where P 2 denotes the space of weight 2 primary vectors of dimension p 2 = dim P 2 . Assume p 2 > 0 and let {u α } and {u α } be a P 2 basis and LiZ dual basis and again define quadratic Casimir vectors by [Mat, T1] 
We then find that F (a, b; x, y) is a rational function
where G(a, b; x, y) is bilinear in a, b and is a homogeneous, symmetric polynomial in x, y of degree 8. We can next analyze the constraints on F (a, b; x, y) that follow from λ (4) or λ (6) being Virasoro vacuum descendants to find results analogous to Theorems 2.3 and 2.4 [T1] :
This implies that the V 2 trace form T r V2 (o(a • b) ) is given by
which being invertible, eventually implies V 2 is a simple Griess algebra. Furthermore for C = C 2,3 = 0, C 2,5 = −22/5, C 2,7 = −68/7, C 3,4 = 1/2 where det M 6 (C, 0) = 0 we have
This formula originally appeared in [Mat] subject to stronger assumptions. There are 37 rational values for C for which p 2 is a positive integer as follows [T1, Ho1] 3.2. Genus Zero Constraints from Quadratic Casimirs. We consider the genus one partition function Z(q) = T r(q L0−C/24 ) and define a genus one correlation function:
Apply the Zhu reduction formula to the LHS we find:
Alternatively, applying Zhu reduction to Z(λ [6] , q) for vacuum Virasoro descendant λ to find:
is the unique solution with leading form Z(q) = q −C/24 (1 + 0 + O(q 2 )) to the differential equation
Z(q) is convergent for 0 < |q| < 1.
Following the same line of argument as for Theorem 2.7 we also have:
Theorem 3.4. V is generated by V 2 .
We may recursively solve for Z(q) to obtain dim V n as a rational function in C. Enforcing that dim V n be positive integral for n ≤ 400 restricts the 37 possible rational values of C to the following 9 values: ♮ constructed as a Z 2 orbifolding of the Leech lattice VOA and whose automorphism group is the Monster group M and with Z(q) = J(q) [FLM] . C = 32, d 2 = 139503: The partition function is that of a Z 2 orbifolding of V L for an extremal self-dual lattice L of rank 32 [Ho2] . These lattices are not fully classified. Amongst the known examples, it is not known if any satisfy the condition λ (6) ∈ V 6 (C, 0). C = 32 for an extremal self-dual lattice L of rank 40 [Ho2] . These lattices are also not fully classified. Again it is not known if any examples satisfying the condition λ (6) ∈ V 6 (C, 0) exist.
Clearly, the last four examples deserve further investigation.
Possible Deligne-like Tensor Product Decompositions?
In the light of the discussion of Section 2, it is natural to examine the possibility of universal irreducible decompositions of tensor products of the Griess algebra. Consider the Virasoro decomposition of the weight three space
where P 3 denotes the space of weight three primary vectors of dimension p 3 = dim P 3 ≥ 0. Then recursively solving the differential equation (3.4) for Z(q) we find p 2 = dim(P 2 ) as in (3.2) and p 3 = 31C(5C + 22)(2C − 1)(7C + 68)(5C + 44) 6(C 2 − 86C + 1864)(C 2 − 55C + 748) .
From Theorem 3.4 we know that V is generated by V 2 = Cω ⊕ P 2 so that for P 2 basis {u α } we have:
Since the Griess algebra involves the symmetric product • then P 2 is generated by the antisymmetric part of
This suggests that a Deligne-like formula may also hold with
with dim Anti (P 2 ⊗ P 2 ) = 
Higher Weight Constructions
In general we may consider VOAs with a LiZ metric for which the primary vectors P k are of lowest weight k ≥ 3. Exactly as before, we can construct Casimir vectors from a P k basis {u α } and LiZ dual basis {u α } for α = 1 . . . p k = dim P k λ (n) = u α 2k−1−n u α ∈ V n .
Then we find that provided λ (2k+2) is a vacuum Virasoro descendant then Z(q) is uniquely determined by a differential equation of order k+1 and that V is generated by V k [T2] .
We conclude with a number of examples. For k = 3 we find p 3 = (5C + 22)(2C − 1)(7C + 68)(5C + 3)(3C + 46) −5C 4 + 703C 3 − 32992C 2 + 517172C − 3984 , with zeros of the Kac determinant det M 8 (C, 0) . For C = 48 we find p 3 = 42987520 and, in general, the partition function is the same as the conjectured extremal VOA of Höhn [Ho2] arising in Witten's recent speculations on a possible relationship between three dimensional black holes and extremal VOAs of central charge 24n for n ≥ 1 [Wi] . For k = 4 we find p 4 is given by with zeros of det M 12 (C, 0) . Interestingly, p 5 is not integral for C = 96 so that we do not obtain the partition function for Witten's conjectured extremal VOA in this case.
